ABSTRACT Logical Petri nets (LPNs) can well describe and analyze batch processing functions and pass the value indeterminacy in cooperative systems. Their structure is simpler than their equivalent inhibition PNs. To analyze them, a vector matching method was given previously. We present interactive LPNs (ILPNs) in this paper. Their liveness and boundedness are analyzed for the first time. Compatibility is analyzed for a composed system and reflects the possibility of correct/proper interactions among its subsystems. To characterize different cooperative abilities in practice, compatibility is defined for ILPNs. Some relationships among compatibility, liveness, boundedness, and conservativeness are revealed. An example is presented to discuss the effectiveness of the proposed method.
I. INTRODUCTION
In cooperative systems such as e-commerce systems, a merchant needs to interact, exchange messages, and thus make a deal with several different customers at a same time interval. This requires such systems to have a capacity of simultaneously processing a batch of data, called a batch processing function in the following discussion. During batch processing, both merchant and customer show indeterminacy. For example, a merchant may experience a shortage of products, while customers spend different time on each stage of the dealing process, and some even abruptly change or cancel their process at any trading progress. These are called passing value indeterminacy that appear in such interaction systems. The analysis of a batch processing function and passing value indeterminacy in such cooperative systems is very important theoretically and practically.
Petri nets (PNs) [1] are a well-founded model applied to the simulation and analysis of cooperative systems especially the concurrent ones. Based on its solid mathematical definition and graphical expression, PNs have been used to effectively model and analyze concurrent, asynchronous, distributed, parallel, and uncertain information processing systems [2] - [4] before they are put into operation, since any errors in the system may lead to a great loss of value. There are some extensions to PNs, such as time PNs [5] , colored PNs [6] , [7] , and stochastic PNs [8] . They have been applied to many fields such as process control, communications protocols, production systems, hardware, embedded systems, and transportation systems [9] - [13] . Among these, PNs with arc weights may offer a batch processing function, but cannot address the passing value indeterminacy.
Logical Petri Nets (LPNs) are defined in [14] and [15] as a high-level PN. It can describe batch processing functions and passing value indeterminacy in cooperative systems and verify the correctness of such systems. The passing value indeterminacy is sorted into input and output indeterminacy, and described by logical input and output transitions, respectively. These logic transitions are attached with logical expressions that are defined and divided into input and output ones. A logical expression attached to a transition is a function of its input or output places. It fires while its corresponding logical expression is true, meaning that the marking of the places satisfies the requirement described by the expression. In detail, a logical input transition fires when its logical input expression is true; and a logical output fires only if its firing leads to a marking that makes its logical output expression true. In fact, the indeterminacy is implied by the logical expressions attached to the corresponding logical transitions. Due to such restriction of logical expressions labeled on transitions, LPNs can describe and analyze conveniently batch processing functions and passing value indeterminacy in cooperative systems. Obviously, LPNs enhance the expression ability of PNs and can cater to more application requirements. They have been applied to model and analyze a stock trading system [15] and e-commerce systems [16] . The equivalence between LPNs and the safe inhibition Petri nets (IPNs) [17] is proved in [14] . Although IPNs model batch processing functions and data arrival indeterminacy, they are complex. There lack any practical modeling tool and efficient analysis methods. The net structure of an LPN is much simpler than that of its equivalent IPN. A concept named Gate in a PN model named Stochastic Activity Networks [18] contain predicates and functions whose terms are markings of places. It can rule the firing of transitions. Such networks also have the batch processing functions and data arrival indeterminacy modeling function, but their single transition connect with more than one gate with several predicates and functions, thereby making the analysis very challenging. To analyze LPNs, our prior work proposed a vector matching method [19] . Some mathematical methods for analyzing an LPN are presented in [20] . Its properties such as the conservativeness, reachability and reversibility are also analyzed based on our proposed equations. However the construction complexity of a reachability tree and state equation solution is high and till now we have not revealed sufficient and necessary conditions for a live LPN. Du and Jiang [15] analyze e-commerce systems by using a subclass of LPNs in which the special structures of these systems are expressed by logical expressions; and relationships among logical transitions can be used to derive the otherwisedifficult-to-analyze fundamental properties of LPNs. In this paper, we present an interactive logical Petri nets, and their liveness and boundedness analysis are discussed. Compatibility is proposed as an important concept to decide if its subsystems own correct/proper interactions. Different cooperative abilities are thus characterized in practice. Some relationships among compatibility, liveness, and boundedness are revealed. An example is used to illustrate them.
The rest of this paper is organized as follows. Section II reviews the concepts of PNs, LPNs and IPNs. Section III gives an interactive logical Petri net, and discusses its liveness and boundedness analysis. Compatibility is defined and some relationships among compatibility, liveness, and boundedness are revealed. Section IV describes an e-commerce system and its LPN. The compatibility analysis is illustrated through a case study. Concluding remarks are made in Section V.
II. LPNs
This section first briefly reviews some notions of PNs [9] - [11] , IPNs [17] and LPNs [14] - [16] , [19] , [20] . A simple comparison such as the net structure between an LPN and its equivalent IPN is presented. Then the capacity of an LPN in modeling batch processing functions and passing value indeterminacy in an e-commerce system is discussed. In the rest of paper, we use R 0 to denote the real number set, N to denote the natural number set, i.e., N = {0, 1, 2, · · · }.
A. PNs AND LPNs
Definition 1: N = (P, T , F) is a net where 1) P is a finite set of places; 2) T is a finite set of transitions with P∪T = ∅ and P∩T = ∅; and 3) F ⊆ (P × T ) ∪ (T × P) is a set of directed arcs with each one from a place to a transition or from a transition to a place. Definition 2: Given a net N = (P, T , F). x ∈ P ∪ T is a node in N .
• x = {y|(y, x) ∈ F} and x • = {y|(x, y) ∈ F} are its pre-set and post-set, respectively. If X ⊆ P ∪ T , its pre-set and post-set are respectively
2) M : P → N is a marking defining the number of tokens in each place p ∈ P, indicated by M (p) with M 0 being the initial marking; 3) W : F → N + is a weight function where W (x, y) = 0 if (x, y) / ∈ F, x, y ∈ P ∪ T ; and 4) It has the following transition firing rules: 
For example, (2, 1, 0, 0, 0) T can be written as 2p 1 + p 2 . In the following, P = {p 1 , p 2 , · · · , p n } is a set of places in a PN, and we denote that f = f (p 1 , p 2 , · · · , p n ) is a logical expression [21] , [22] on P and the operators in f only consist of logic disjunction ''∨'', conjunction ''∧'' and negation operators ''¬'', i.e., f is an expression with places of first-order logic as atomic expressions.
where ¬ is a logical negation operator. When p 1 is used as a logical expression in f , the logic value of p 1 is
Definition 4 [19] :
and f | M denotes the logical value of f at M where
In the following discussion, we call a logical expression is
The following definition of LPNs is owing to [19] .
is an LPN where 1) P = P D ∪ P C is a finite set of places with P = ∅ and P D ∩ P C = ∅ where (a) P D denotes a set of data places; and (b) P C denotes a set of control places; 
I is a mapping from a logical input transition to a logical input expression, i.e., ∀t ∈ T I , we denote
O is a mapping from a logical output transition to a logical output expression, i.e., ∀t ∈ T O , we denote
T → R + associates transitions with a time delay, i.e., if t ∈ T is enabled, it fires after time τ (t); and 9) It has the following transition firing rules:
(a) ∀t ∈ T D , its firing rules are the same as those in PNs; (
Notice that in the marking function in the above definition, we have an assumption that the maximum capacity of each control place is exactly 1 while that of data place is greater than 0.
An LPN is a high-level PN. The input/output places of a logical input/output transition are restricted by a logical input/output expression I (t)/O(t), and logical input and output transitions are called logical transitions. Hence, the indeterminacy of values in input and output places is described by logical expressions. They are graphically described in Fig. 1 , where (a)-(f) respectively describe a token, data place, control place, logical transition, ordinary transition, and directed arc. Two simple LPNs are presented in Fig. 2 where (a) only contains a logical input transition t 1 and (b) contains a logical output one. They are restrained by a logical input/output expression I (t 1 )/O(t 2 ) where
Note that each place of a logical expression has a logical value at marking M in an LPN, and by substituting the values of all places into the logical expression, the expression corresponds to a logical value. In Fig. 2 , for example,
B. EQUIVALENCE BETWEEN LPN AND IPN
Inhibition Petri nets (IPNs) [17] are an extension to PNs as defined next.
Definition 6: IPN = (PN , H ) is a PN with inhibitor arcs (IPN) where
2) H ⊂ P × T is the inhibitor arc set, H ∩ F = ∅, and (p, t) ∈ H is represented as a non-directed arc with a small circle at t s side; and 3) It has the following transition firing rules:
Firing t results in a new marking M computed by (1) in Definition 3. The equivalence between LPNs and IPNs has been proved in [14] . An IPN model that is equivalent to the LPN model in Fig. 2 is shown in Fig. 3 .
For example, in Fig. 1 , there exists a marking M 0 = (1, 0, 1, 0, 0, 1, 0, 0, 0) such that the logical expression of the input transition t 1 is true at M 0 . Thus t 1 can fire such that p 4 can obtain a token and the process goes on. Given other markings, t 1 may also be enabled. Though the inputs of t 1 are different, they do not affect the execution process and result that enables p 4 to obtain a token. In the corresponding IPN, no matter which transitions t 11 , t 12 or t 13 fires, p 4 can obtain a token, meaning that a system could accept the inputs and proceed with its execution. In Fig. 2 , if t 2 fires, the output is indeterminate, and t 21 , t 22 , and t 23 are all enabled in the corresponding IPN such that the firing choice of these transitions represents the output indeterminacy. In another word, that markings enable t 11 , t 12 or t 13 in Fig. 3 is equivalent to that they enable t 1 in Fig. 2 , implying the input indeterminacy; the marking after choosing t 31 , t 32 , and t 33 to enable in Fig. 3 is equivalent to that enabling t 1 in Fig. 2 , implying the output indeterminacy. We propose LPNs to model the indeterminacy of the systems. An LPN has its corresponding equivalent IPN.
From Figs. 2 and 3, the IPN model consists of 6 transitions while its corresponding LPN has only 2 transitions. IPN requires more arcs and two inhibitor arcs. Its structure is clearly much more complex than LPN. Besides till now there is no good property analysis tool or method for IPNs.
C. LPNs OF E-COMMERCE SUB-SYSTEMS
We now discuss an e-commerce system where a seller may trade with several buyers at the same time. We use LPN to describe a batch processing function and passing value indeterminacy that exist in such a system. For an illustration purpose, we consider only a three e-commerce subsystems modeled by LPNs as shown in Fig. 4 , i.e., a seller S and two buyers B1 and B2. Firstly B1 and B2 deliver orders to S if they need to buy any products from S. In one circulation, S receives the orders from B1 and B2, and check if they can satisfy the buyers' order requests such as the order quantity. At the same time it decides whether to accept or refuse the latter's orders. If it accepts an order, the corresponding buyer needs to pay for it.
After receiving the payment, the S sends the product to the buyer, and the deal finishes. The tasks of a seller subsystem S include receiving order (r_order), checking order (c_ order), receiving payment (r_payment), and sending products (s_ product). i S is an original place and o S is a terminal place. Transitions r_ order, c_ order, r_ payment, and s_ products have logic expressions:
The tasks of a buyer subsystem include, sending order (s_ B_order), sending payment (s_ B_ payment), and receiving the product (r_B_ product). i B is an original place and o B a terminal place. In order to ensure the correctness of the composition of the subsystems and that of the whole e-commerce system, we present some theoretical methodologies next. Note that the fundamental properties [19] of LPNs such as liveness, reachability conservativeness and reversibility, are analyzed based on a vector matching method in our previous work. This work discusses the properties of the composition of sub-nets. We suppose that each unit of resources sent or received by a buyer at each deal can be described by a token. In the model in Fig. 4 , each arc except (s_deal, Product), (Product, s_deal), (r_payment, Payment), and (Product, s_product) has a weight of 1, while n 1 and n 2 are two variables of the weights and n 1 , n 2 ≤ 2.
III. COMPATIBILITY
To directly analyze LPNs, we can find their enabled transitions based on a vector matching method [19] . In the following discussion, we present an interactive logical Petri net (ILPN) which is a sub-class of LPNs, and discuss their liveness and boundedness for the first time. Compatibility is an important concept to reflect the possibility of correct/proper interaction among its subsystems in a composed system. In order to characterize different cooperative abilities in practice, we define compatibility for ILPNs and reveal the relationships among compatibility, liveness, and boundedness.
A. FIRING RULES OF LOGICAL TRANSITIONS IN AN LPN
In LPNs, passing value indeterminacies is divided into input and output indeterminacy that are respectively described via logical input and output transitions. The logic transitions are restricted by their corresponding logical input and output expressions. They fire only if their related logical expressions are true at a right marking. Normally each logical expression is transformed into a disjunctive normal form, and it is unique [22] . Each disjunctive clause in the disjunctive normal form is a conjunct consisting of all places related to a logical transition. I (t) of a logic input transition t is true only if one of disjunctive clauses of I (t) holds, and t is enabled. corresponding conjuncts. To make sure the correct operation of a system model, these logical expressions should satisfy some restrictions. Definition 8: Let x 1 -x k ∈ P be k places in an LPN. We define f (x 1 , x 2 , · · · , x k ) = x 1 ∧(x 2 ∨· · ·∨x k ) as a template logical expression in an LPN with x 1 ∈ P C . Some determinacy relationship among the input or output expressions of logical transitions are defined next. For example, in an e-commerce LPN, if a logical transition t fires, then the input conditions or output results of other transitions have the corresponding relationships with those of t. There are mainly two kinds of relationships between each pair of logical transitions. Their definitions are shown as follows where
Definition 9: Let T C ⊆ T I ∪ T O be a set of logical transitions in an LPN, T C1 ∪ T C2 = T C and T C1
1) t i and t j are isomorphic and denoted by t i ∼ t j where
and 2) t i and t j are dual as denoted by t i ⇔ t j where if
In this definition, M * is denoted as the marking we choose on which a logical transition will fire or has fired. It is a marking that affects the indeterminacy conditions or results when another logical transition fires. From the above definition, we can derive the properties of these two relations.
Property 1 [19] :
1) ∼ is reflexive, symmetric and transitive; and 2) ⇔ is symmetric;
According to the structure and relationship among logical expressions, a reachability tree can be constructed. 
B. INTERACTIVE LOGICAL PETRI NETS (ILPNs)
We cite the concept of a logic process as follows from [23] .
Definition 11: A logic process is a net N = (P, T , F) satisfying that: 1) N has two special places i and o, where i ∈ P is called a source place, o ∈ P is called a sink place with
be the trivial extension of N and M 0 = i be its initial marking, i.e., N has only one token in i. Then, N * is strongly connected, and (N * , M 0 ) is live and safe. Following [23] , we define a logic process with channels as follows.
Let
The subnet of L generated by P 1 and T 1 are respectively written as
, O , τ ) and
where
Note that a logic expression attached to a logical transition only contains the variables of places in P 1 . It is denoted by f | P1 and other variables are replaced with the logical value • T • .
Definition 12: A logic process with channels (LPC) is a logical Petri net
1) The subnet generated by P C = ∅ is a logic process denoted by L * , where P C is the set of control places of L; and 2) P I is a set of input channel places, P O is a set of output channel places, P I ∩ P O = ∅ and P C ∩ (P I ∪ P O ) = ∅. Definition 13: Interactive Logical Petri Nets (ILPNs) are defined recursively as follows.
is an ILPN where it is an LPC with
, be two ILPNs such that
Then, L is an ILPN where
Clearly, an ILPN is the union of m LPC L 1 -L m , m ≥ 1, via a set of common places (i.e., P S ). To facilitate its description, an ILPN is denoted by
In Definition 13, P IC , P I , P O , P I ∪ P O are called a set of internal channel, input channel, output channel, and external channel places of L, respectively. All the channel places are data places. Input channel places can only be combined with output ones. After two LPCs are composed via a set of common channel places, these common places become internal ones and cannot take part in other combinations any more. Additionally, external channel places represent interfaces used to interact with the environment. Note that the external condition needs to be fulfilled for any meaningful design analysis. Therefore, it is assumed that all ILPNs have no external channel places. It is also assumed that every IPN is connected since, otherwise, they should be separately analyzed. Here, liveness and reversibility are used to study the compatibility. Thus a net can be live and reversible if it is closed, i.e., there is no place that has no input transition in the net. Thus the trivial extension of an ILPN is defined next.
Definition 14: 
C. LIVENESS AND BOUNDEDNESS ANALYSIS
Definition 15: L is an ILPN. C is called a path from node n 1 to n k if there exists a sequence of nodes < n 1 , n 2 , . . . , n k > such that (n i , n i+1 ) ∈ F, i ∈ N + k−1 . &(C) denotes the alphabet of C, i.e., &(C) = {n 1 , n 2 , . . . , n k }. C is called a basic path where ∀n i , n j ∈&(C), if i = j: n i = n j . n j is the subsequent node of n i , denoted by n i ≺ C n j if ∃n i , n i+1 , . . . , n j ∈&(C) and (n i , n i+1 ), (n i+1 , n i+2 ), . . . , (n j−1 , n j ) ∈ F.
Note that a path C =< n 1 , n 2 , . . . , n k > is called a circle if < n 1 , n 2 , . . . , n k−1 > is a basic path and n 1 = n k . Let L j , j ∈ N + 2 be two LPCs where P O1 ∩ P I 2 = {p a }, and
; N j be the logic process generated by P Cj where ∀p ∈ P j \{i j , o j }:
and L * be the trivial extension of L, as shown in Fig. 5 . Then we have the following conclusions.
Theorem 1: L * is live and bounded iff in L, either of the following conditions hold:
From Theorem 1 we have that an ILPN composed by two LPCs is live and bound if the logical transitions respectively from the two LPCs are isomorphic; and there is no circular wait for any resources.
For the above L j , j ∈ N + 2 , let T I 1 = T O1 = ∅, T I 2 = {t I 2 } and T O2 = {t O2 }; f (p , p ) = p ∧( • T • ∨p ) be the template logical expression in L 2 , where p ∈ P i and p ∈{p a , p b }; N j be the logic process generated by P Aj = {i j , p j , o j }, where
Given this situation, we can get the result in the corollary below. We illustrate the aforementioned corollary through some examples. There are four LPCs denoted by L j , j ∈ N + 4 as shown in Fig. 6 , where
= P O4 = {p b }, and P O1 = P O2 = P I 3 = P I 4 = {p a }, T D1 = {t 11 , t 12 }, T D2 = {t 21 , t 22 }, 
D. CONSERVATIVENESS
In an e-commerce LPN, output results of a logical transition are not only determined by the transitions that are isomorphic or dual with them, but also are related with the input places which are data places. We now give the definition of its conservativeness. First we give some concepts in order to discuss the transition firing rules in LPNs. an arbitrary initial marking, and ∀M ∈ R(M 0 ),
From Definitions 5 and 13, we have P D ⊆ P I ∪ P O . In a system, the data places should preserve the resource quantity modeled by token count. Thus we have
where c is a constant describing the total number of resources. Now we discuss the conservativeness of an LPN by using matrix calculation.
Theorem 2:
We suppose that all data places must deposit and withdraw tokens in a system. Otherwise, the data places is meaningless.
Corollary 2:
If L is conservative and n 1 ∈ P D , then there exists a path C =< n 1 , n 2 , . . . , n k > where n 3 , n 5 , . . . ∈ P D , n k ∈ P D and n • k = ∅. Proof: If L has n 1 only, i.e., the net contains a place only, C =< n 1 >, and the result holds.
If there is a transition n 2 such that (n 1 , n 2 ) ∈ F, because L is conservative, there must be a data place n 3 according to Theorem 2. Similarly, suppose that n 2i−1 is a data place. If there is a transition n 2i such that (n 2i−1 , n 2i ) ∈ F, then there must be a data place n 2i+1 according to Theorem 2. If n k / ∈ P D , then n k ∈ T , it contradicts the above discussion. Thus, n k ∈ P D and n • k = ∅.
E. COMPATIBILITY ANALYSIS
According to the definition of liveness, boundedness, and conservativeness, we define the compatibility as follows.
In a sense, the compatibility means that a system always reaches the final state and each transition has the opportunity to fire. It also ensure that the data places preserve the resource quantity. This property is useful. When we assemble some components that are from different producers, perhaps some execution sequences cannot ensure a correct end.
Theorem 3: 
IV. CASE STUDY
Now we construct the e-commerce system as shown in Fig.  8 by composing three e-commerce sub-systems modeled by LPNs as shown in Fig. 4 . It is a trivial extension of LIPN where b is a bridge transition. Transitions r_order, c_order, r_payment, and s_products respectively have logic expressions:
We suppose that in each transaction, the number of resources sent or received by a buyer is represented by a token. Note that (s_deal, Product), (Product, s_deal), and (Product, s_product) has a weight n 1 , and (r_payment, Payment) has a weight n 2 . We have the following results:
According to Theorems 1-3, we can conclude that the LPN model in Fig. 8 is live, bounded, conservative on data places and thus compatible.
V. CONCLUSION
As an effective formal model and extension of the traditional Petri nets, logical Petri net (LPN) has the capacity to describe and analyze batch processing functions and passing value indeterminacy in cooperative systems. In this paper we discuss the properties of composition of LPNs. We present an interactive logical Petri nets (ILPNs) and analyze their liveness, boundedness and conservativeness. In order to characterize different cooperative abilities for composed systems, compatibility is defined for ILPNs. It reflects the possibility of correct/proper interaction among subsystems. Some relationships among compatibility, liveness, boundedness, and conservativeness are revealed. There are several future works: the compatibility analysis results can be used in other cooperative systems such as those regarding sensor networks [24] ; we will explore some net-structure-based or partial-order-based methods [25] to analyze the properties such as the compatibility, soundness, and deadlock of LPN.
Proof (Sufficiency): We discuss two cases in the following, respectively: 
